Abstract. In this note we give an answer to Ricceri's open problem involving the Ambrosetti-Rabinowitz superlinear condition.
Introduction

Throughout this note, Ω ⊂ R
Note that what defines the set B(r, c) is the well-known Ambrosetti-Rabinowitz superlinear condition.
For
0 (Ω) with the usual norm u = Ω |∇u| 2 dx 1 2 . Let us consider the following subsets of A:
When f ∈ D ∩ B(r, c) for some r ≥ 0 and c > 2, the classical AmbrosettiRabinowitz result (see [1] ) assures that the problem
in Ω, u = 0 on ∂Ω has at least a non-zero weak solution in W 1,2 0 (Ω). In recent years B. Ricceri has studied the above problem without assuming the condition f ∈ D. In particular, he has established the following theorem.
Theorem A (Theorem 4 of [4] ). Let f ∈ B(r, c) for some r ≥ 0 and c > 2. Then, for every ρ > 0 and every
on ∂Ω admits at least two weak solutions in W 
Problem. Does it hold the inclusion B(r, c) ⊆ C for all c > 2 and r ≥ 0 ?
In this note we will prove that the inclusion in the above problem does not hold in general and that it holds only when r = 0. Hence, in this latter case, we can remove the condition f ∈ D in the Ambrosetti-Rabinowitz result. Clearly the previous assertion makes sense only if we prove that there exists a function f ∈ B(0, c) which does not belong to D. In our result we will prove the existence of such a function as well.
The result
The following theorem gives a complete answer to Ricceri's problem. We first point out that, by the proof, it will be clear that, if N ≥ 3 and c
Proof. We restrict ourselves to the case N ≥ 3. The cases N = 1, 2 can be treated in the same manner with some slight modification. To verify i) fix q ∈ ]c − 1, From the definition of f , the inequalities in condition i) become
which are satisfied if |ξ| ≥ r, taking the choice of b into account. Consequently, we have f ∈ B(r, c). Let us to show that f / ∈ C. In view of Theorem 2.1 of [2] , it suffices to check that the functional
0 (Ω), has no local minima. In fact, if v ∈ W 1,2 0 (Ω) was a local minimum for Ψ, then, taking into account that Ψ is of class C 2 (this latter fact comes out from the condition q > 1), we should have , we should have, being
which is absurd. To prove ii) let f ∈ B(0, c). Then, there exists q ∈ ]1,
for all ξ ∈ R. At this point, consider the real function
for all ξ ∈ R \ {0}. So, from the fact that f ∈ B(0, c), we easily deduce that g is positive, decreasing in R − and increasing in R + . Then, for a suitable positive number L, we have
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for all ξ ∈ R with |ξ| ≤ 1. Now, from (1) we can find a positive constant M 1 such that
for all ξ ∈ R \ [−1, 1]. Hence, putting together (2) and (3), we have
for all ξ ∈ R. At this point, from (4), for suitable positive constants C 1 , C 2 we have 
